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(1) dx/dt = f(x), (2) where: (a) x is an n-vector; (b) f(x) is homogeneous of positive degree k; (c) f(x) and g(x,t) are continuously differentiable in x and in t for all x in a region D containing the origin and for all t; (d) g(x,t)=o(1 xl jk) in D uniformly in t. If k = 1, then f(x) = Ax for some constant matrix A. In this case, there are a number of well-known theorems' whose hypotheses contain various assumptions about the characteristic roots of A. In particular, there is the theorem of Lyapunov.
THEOREM (LYAPUNOV) . If the characteristic roots of A have negative real parts, then the trivial solution, x = 0, of (1) is asymptotically stable.
In this note, we shall indicate how the hypotheses about the characteristic roots can be extended in a natural way to the case that k _ 1. Lyapunov's theorem can then be generalized (see below). It seems likely that the generalized hypotheses used here can also be used in extending many of the classical theorems to the case where the system of first approximation (2) is no longer linear. where (yf(y)) is the scalar product of y and f(y) and dT = u k 'dI. System (3) is to be considered for u = 0 even though the change of variables is undefined for u = 0. Each solution, y = y(r,O,yO), where y0 = y(0.0,y0), of (3a) determines a one-parameter family of solutions of (3b), u = uo expf' (y(t,0,y0),f(y(tOy0)))dt = u(7,O,y0,uo), where us is the parameter. It is always assumed that us > 0 and, hence, that u(r,O,yO,uo) _ 0 for all T. If us and y0 are given, then y = y(rOy0), u = u(r,0,y0,uo) is the solution of (3) for which y0 = y(O,O,yO), io = u(0,0,y0,uo).
Note that u = 0 defines an integral surface I in the y,u-space.
Definition 1: If y0 belongs to the positive limit set of some solution of (3a), then y = y(r,0,y0), u = u(r,O,yOuo) is called a limit solution of (3).
Definition 2: The radial type number, X(yO), of a solution, y = y(r,0,y0), U = u(r,0,y0,uo) (us > 0) of (3) is the number lim T-1 In u(r,0,y0,uo). 7_" A+ co Note that X(yO) is independent of uo,uo > 0, that X(y0) may be infinite, and that X(y0) = X(yt) if yt = y(T1,0,y0) for some rT. An equivalent definition of X(yO) is as follows. VOL. 47, 1961 MATHEMATICS: KERVAIRE AND MILNOR 1651
Definition 3: X(yO) = -sup {X': u(rOuOy0) exp X' T is bounded for all T, 0 . T< +O}.
Type numbers (or their negatives, Lyapunov numbers) are usually defined somewhat more generally than this,2 but only the radial type numbers defined above are needed here. Now. any hypothesis concerning the real parts of the characteristic roots of A when k = 1 can be formulated in terms of the radial type numbers of the limit solutions when k . 1. For it can be shown that when k = 1, the set of radial type numbers of the limit solutions of (3) is precisely the set of real parts of the characteristic roots of A. In particular, Lyapunov's theorem can be generalized.
THEOREM. If k > 1 and if the radial type number of every limit solution of (3) is negative, then the trivial solution, x = 0, of (1) is asymptotically stable. The proof consists of showing that the hypothesis implies that the radial type number of every solution of (3) is negative and that this in turn implies that the trivial solution of (2) is asymptotically stable. A theorem of Zubov3 is used to prove this latter assertion. Finally, it is a theorem of Massera4 that if the trivial solution of (2) is asymptotically stable, so is the trivial solution of (1).
3. The results of an earlier paper5 and some remarks made by S. Lefschetz were the stimuli for what has been presented here. It should be noted that the main theorem of reference (5) is a special case of the theorem stated above.
